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Recent investigations in this laboratory! have provided evidence that the 
biosynthesis of nicotinic acid in Neurspora proceeds from tryptophane 
through the intermediate kynurenine I. 


O 


NH: 


Kynurenine I 


Further studies suggested that the pyridine ring of nicotinic acid might 
arise by ring closure of the a keto acid corresponding to kynurenine to give 
the naturally occurring compound kynurenic acid II? or, if preceded by 
oxidation, xanthurenic acid III.* 


OH OH 
OH 


Kynurenic acid II Xanthurenic acid III 


In addition to these two compounds a series of nicotinic acid derivatives 
was synthesized and tested for growth promoting or growth inhibiting 
properties on Neurospora mutant 65001.!- These compounds included: 3- 
carboxy-4-hydroxy pyridine, 3-carboxy-4-amino pyridine, 2-hydroxy-3- 
carboxy pyridine, 3-carboxy-6-hydroxy pyridine, 2,3-dicarboxy pyridine, 
3,4-dicarboxy pyridine, 2,6-dimethyl-3,4-dicarboxy pyridine, 2,3,4-tri- 
carboxy-6-methyl pyridine, 3-carboxy-4-chloro pyridine and 2,6-dimethyl- 
3-carboxy-4-chloro pyridine. In high concentrations, the compound 3- 
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carboxy-4-amino pyridine promoted a small amount of growth, but the re- 
maining compounds possessed no stimulatory or inhibitory action under the 
conditions utilized. 

From the above facts it was concluded that the pyridine ring of nicotinic 
acid does not arise from kynurenine through kynurenic acid II or xanth- 
urenic acid III followed by oxidation of the benzene ring. It also appeared 
evident that the oxidation in position 8 of xanthurenic acid III precedes 
formation of the pyridine ring, a possible intermediate being 3-hydroxy- 
kynurenine IV. 


—C—CH,—_CH—C00H 
—NH2 NH: 


OH 
Hydroxykynurenine IV 


A consideration of this hypothetical compound suggested the possibility of 
biological oxidation to give 3-hydroxyanthranilic acid (2-amino-3-hydroxy- 
benzoic acid) V instead of xanthurenic acid. 


—COOH 
—NH2 


OH 
Hydroxyanthranilic acid V 


A trimethyl derivative of this compound V is indeed found in nature as 
the alkaloid damascanine (2-methyl-amino-3-methoxy-methyl benzoate) .** 
The alkaloid has been isolated from the seeds of two species of Nigella 
(common name of flowers, Love in a Mist). 

It is the purpose of the experimental part of the present paper to present 
evidence that hydroxyanthranilic acid is an intermediate in the biological 
synthesis of nicotinic acid from tryptophane in Neurospora. 

Hydroxyanthranilic acid has been synthesized in this laboratory by two 
independent methods. These methods and the proof of structure of the 
active compound will be presented elsewhere. 

Experimental.—Media and conditions for growth of mutant 65001 have 
been previously described.'® Growth curves for this mutant in the pres- 
ence of nicotinamide and hydroxyanthranilic acid (filter sterilized) are pre- 
sented in figure 1. For these experiments the pH of the medium was 
adjusted to 4.1 since hydroxyanthranilic acid, like nicotinic acid, is less 
active at a higher pH where dissociation is greater. In four days at a pH 
of 5.6 the compound is 50 to 70% as effective as nicotinamide in promoting 
growth. Itis thus more effective than nicotinic acid at pH 5.6.’ 

The growth-promoting activity of hydroxyanthranilic acid on several 
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FIGURE 1 

Growth curves of mutant 65001 (61/2 days) in the presence of nicotinamide (curve 
N) and hydroxyanthranilic acid (curve HA). 
genetically different mutants of Neurospora was compared to that of 
anthranilic acid, indole, tryptophane, kynurenine and nicotinamide, and 
qualitative data is presented in table 1. 


TABLE 1 


AcTIVITY OF HYDROXYANTHRANILIC ACID COMPARED TO ANTHRANILIC ACID, INDOLE, 
TRYPTOPHANE, KYNURENINE AND NICOTINAMIDE ON Neurospora MUTANTS 


HYDROXY- 
MUTANT ANTHRA- TRYPTO- ANTHRANILIC NICOTINA- 
STRAIN NILIC ACID INDOLE PHANE KYNURENINE ACID MIDE 
44008 - + + + + a 
65001 * + + + + Be 


It was previously shown! that an excess of a compound with nicotinamide 
activity is produced by mutant 65001 when it is grown in the presence of an- 
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excess of kynurenine. Similar expefiments with hydroxyanthranilic acid 
are summarized in table 2. Nicotinic amide activity was determined by 
use of strain 3416 which does not utilize hydroxyanthranilic acid. Deter- 
minations were made on culture fluids of six-day-old cultures of 65001 and 
44008 grown in the presence of various quantities of hydroxyanthranilic 
acid. 
TABLE 2 
PRODUCTION OF NICOTINAMIDE ACTIVITY FROM HYDROXYANTHRANILIC ACID BY MUTANTS 
65001 anp 44008 


NICOTINAMIDE ACTIVITY, uG. PER 20 ML. 


HYDROXYANTHRANILIC -————DRY WEIGHT. OF CULTURE FLUID 


ACID, uG. PER 20 ML. 65001 44008 65001 44008 
0 2 0 0 0 
20 84 97 0 0 
50 97 95 0 0 
100 108 94 10 12 
200 103 85 12 12 


Discussion.—It is evident from the experimental data presented, that for 
certain Neurospora mutants, hydroxyanthranilic acid possesses growth- 
promoting activity that is quite comparable to the activity of nicotinamide. 
In addition it has been demonstrated that in the presence of an excess of 
hydroxyanthranilic acid two of the Neurospora mutants produce an excess 
of a substance with the biological activity of nicotinic acid or nicotinamide. 
This was determined by use of a mutant that utilizes either of the latter two 
compounds but does not utilize hydroxyanthranilicacid. 

Thus it appears probable that this substance is a natural intermediate in 
the biological synthesis of nicotinic acid by the mold Neurospora. It is of 
interest to note the complex series of reactions that are required by the 
mold to convert anthranilic acid to hydroxyanthranilic acid. These reac- 
tions are illustrated schematically in figure 2. 

No comparison has been made, in this laboratory, between the properties 
of hydroxyanthranilic acid and those of the nicotinic acid precursor from 
Neurospora described by Bonner and Beadle.’?’ From the published data it 
can be seen that the molecular formula is similar. The isolated precursor, 
however, is reported to be a pyridine derivative. As such it would be ex- 
pected to be further along in the series of reactions leading to nicotinic acid 
synthesis. In this connection it may be suggested that hydroxyanthranilic 
acid can be converted to nicotinic acid by oxidation and loss of carbon three 
of the compound, followed by ring closure or rearrangement in the six car- 
bon amino acid residue. If this occurs in animals and in Neurospora the 3- 
carboxy-6-pyridone isolated by Knox and Grossman* may well be a by- 
product of the reaction. Similarly, the occurrence of damascanine in 
Nigella may be accounted for as resulting from a side reaction in the bio- 
synthesis of nicotinic acid in the organism. 


| 
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FIGURE 2 
A schematic representation of a series of reactions leading to the biosynthesis of 
nicotinic acid in Neurospora. 


Summary.—1. Evidence is presented to show that hydroxyanthranilic 
acid (2-amino-3-hydroxy benzoic acid) is an intermediate in the biosynthe- 
sis of nicotinic acid in Neurospora. 

2. Several nicotinic acid derivatives and other related compounds are 
shown to lack significant biological activity. 


* These investigations were supported by funds from the Rockefeller Foundation and 
the Williams-Waterman Fund for the Combat of Dietary Diseases. 
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THE IDENTIFICATION OF A NATURAL PRECURSOR OF 
NICOTINIC ACID* 
By Davip BONNER 
DEPARTMENT OF BOTANY AND MICROBIOLOGY, YALE UNIVERSITY 


Communicated by E. W. Sinnott, December 11, 1947 


In a previous paper! the production and isolation of a natural precursor 
of nicotinic acid was described. The present paper deals with the identi- 
fication of this precursor. 

Several mutant strains of Neurospora crassa have been characterized as 


6 BIOCHEMISTRY: D. BONNER Proc. N. A. S. 


requiring nicotinic acid, nicotinamide, or related compounds for growth.’ ? 
Genetic investigation of these strains indicates at least three genetic types! 
which in accord with the usual interpretation® suggests at least three 
separate steps in the biosynthesis of nicotinic acid. Since in theory differ- 
ent biosynthetic steps are blocked in the various mutant strains requiring 
nicotinic acid for growth, culture filtrates were tested for the accumulation 
of intermediates. Strain #4540 when grown in limiting amounts of nico- 
tinamide was found to accumulate a substance possessing nicotinic acid 
activity for a strain of a second genetic type (#39401).!_ Fractionation of 
culture filtrates yielded a small amount of a crystalline compound as active 
as nicotinic acid for growth of strain #39401. 

Elementary analysis of the isolated material establishes the probable 
empirical formula C;H7O;N. Due to the difficulty encountered in prepar- 
ing sufficient amounts of pure substance, however, analysis of material of 
. unquestionable purity has not been carried out. 


%C %H %N 
Calculated for C;H;O;N 54.8 4.6 9.2 
Found 54.6 4.8 10.1 


Determination of the molecular weight suggests either a C-6 or C-7 
structure. Since the physical properties of the isolated material resembled 
those of the pyridone carboxylic acids, several pyridones were prepared. 
The 6-oxy-nicotinic acid, 4-oxy-nicotinic acid, 2-oxy-nicotinic acid, 4 amino- 
nicotinic acid, and 2,3-dicarboxy pyridine were prepared, tested and found 
inactive. In addition samples of N-methyl-6-oxy-nicotinic acid, and N- 
methyl-6-oxy-nicotinamide' were also tested and found inactive. Follow- 
ing a different approach in their investigation of the biosynthesis of 
nicotinic acid Mitchell and Nyc‘ prepared 3-hydroxy-anthranilic acid (2- 
amino, 3-hydroxy benzoic acid) and found it active as a precursor of nicotinic 
acid for strain #39401. Comparison of the physical and biological properties 
of the precursor isolated from Neurospora culture filtrates with a sample of 
3-hydroxy-anthranilic acid, generously supplied by Drs. H. K. Mitchell and 
J. F. Nyc, California Institute of Technology, indicates identity of these 
two compounds. Table 1 lists the melting point and sublimation behavior 
of the two compounds, and figure 1 shows a comparison of the absorption 
spectra of the two compounds at a concentration of 10 y/cc. IMHCI from 


320 my to 230 muy. 
TABLE 1 


A COMPARISON OF THE PHYSICAL PROPERTIES OF THE PRECURSOR ISOLATED FROM 
NEUROSPORA FILTRATES, AND OF 3-HYDROXY-ANTHRANILIC ACID 


ISOLATED SYNTHETIC 
Melting point 255°C.-d-vig. gas evolution 255 °C.-d-vig. gas evolution 
Mixed melting point 255 °C.-d-vig. gas evolution 
Sublimation in vacuo 170-180°C. 170-180°C. 
Absorption maxima 297 and 235 mu 297 and 235 mz 
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FIGURE 1 
Comparison of the absorption spectra of the isolated Neurospora precursor and of 
3-hydroxy-anthranilic acid. Concentration 107y/ml. IMHCl. 3-hydroxy- 
anthranilic acid. x-x, isolated Neurospora precursor. 


The physiological activity of both preparations is identical as shown in 
table 2, and both compounds are as active as nicotinic acid for each mutant 
strain tested. The strains listed in table 2 include those strains which can 
use indole, tryptophane, kynurenine or the Neurospora precursor, and in 
addition, a mutant strain recently isolated from material treated with a 
nitrogen mustard, which cannot utilize indole, tryptophane or kynurenine 
in place of nicotinic acid, but which can utilize the isolated precursor. The 
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activity of 3-hydroxy-anthranilic acid is the same as that of the isolated 
precursor for the growth of this mutant strain. 


TABLE 2 


GROWTH OF VARIOUS MUTANT STRAINS OF NEUROSPORA ON NICOTINIC ACID AND 
RELATED COMPOUNDS 
3-HYDROXY- 


ANTHRA- TRYPTO- ISOLATED ANTHRANILIC NICOTINIC 
STRAIN NO. NILIC ACID PHANE KYNURENINE PRECURSOR ACID ACID 
39401 - + + + + + 
65001 - + + + + + 
Y31881 - + + 
4540 - - 7 
75001 + + - 
10575 - + - 


The physical properties and biological activity of the precursor prepared 
from Neurospora filtrates appear, therefore, to be identical with those of 
3-hydroxy-anthranilic acid. On the basis of these comparisons, the iso- 
lated Neurospora precursor is assigned the structure, 3-hydroxy-anthranilic 
acid (2-amino 3-hydroxy-benzoic acid). 

Discussion.—With the identification of the Neurospora precursor as 3- 
hydroxy-anthranilic acid, the scheme of biosynthesis of nicotinic acid 
previously proposed would appear as: 


39401 
65001 Y-31881 4540 3416 
A — B —» 3-hydroxy-anthranilic acid ae > nicotinic acid 


From work of Beadle, et a!.,” kynurenine, tryptophane and the tryptophane 
precursor indole are known to replace nicotinic acid for strains 39401 and 
65001. No strain has been found to date which can utilize anthranilic acid 
in place of nicotinic acid. This might suggest the sequence: 


75001 10575 39401 
65001 
——>  anthranilic acid > >indole ————> tryptophane ————> 
Y-31881 4540 3416 
kynurenine ————> 3-hydroxy-anthranilic acid ~ —> nicotinic acid 


Such a scheme has been suggested by Beadle, et al.,? and by Mitchell and 
Nyc.‘ There are, however, certain discrepancies which are difficult to re- 
concile with such an interpretation. Mutant strains are known which 
accumulate anthranilic acid® yet which give no growth response to nico- 
tinic acid, and there are also mutant strains known which can use trypto- 
phane, indole, anthranilic acid or kynurenine which cannot utilize hydroxy- 
anthranilic acid or nicotinic acid for growth’ (see table 2).. Using appro- 
priate genetic stocks it has also been impossible to detect the conversion of 
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tryptophane or kynurenine to 3-hydroxy-anthranilic acid. The inactivity 
of kynurenine in replacing tryptophane or nicotinic acid as a precursor of 
N’-methyl nicotinamide in the rat has been reported by Rosen, e¢ al.® 
Both kynurenine and 3-hydroxy-anthranilic acid have been found inactive 
in replacing tryptophane and nicotinic acid in preliminary growth experi- 
ments with rats.’ It should be pointed out, therefore, that while these 
compounds are related to nicotinic acid synthesis, the specific rdle of each 
compound cannot as yet be definitely assigned. 

Summary.—On the basis of the similarity in the physical and biological 
properties of a natural precursor of nicotinic acid isolated from Neurospora 
filtrates, and of 3-hydroxy-anthranilic acid, it is concluded that these two 
compounds are identical. 


1 Bonner, D., and Beadle, G. W., Archiv. Biochem., 11, 319 (1946). 
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4 Mitchell, H. K.,and Nyc, J. F., these PROCEEDINGS, 34, 1-5 (1948). 

5 Tatum, E. L., Bonner, D., and Beadle, G. W., Archiv. Biochem., 3, 477 (1944). 

6 Rosen, F., Huff, J. W., and Perlzweig, W. A., J. Nutrition, 33, 561 (1947). 
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* These investigations were supported in part by a grant from the Williams-Waterman 
Fund for the Combat of Dietary Diseases. 

{ Generously supplied by Dr. W. Eugene Knox, College of Physicians and Surgeons, 
Columbia University. 


ON LINE CONGRUENCES 
By W. VAN DER KULK 
DEPARTMENT OF MATHEMATICS, DUKE UNIVERSITY 
Communicated by Marston Morse, September 2, 1947 


1. This paper summarizes without proofs some results on the following 
problem in projective three-dimensional space. 

Let a two-parameter family of curves y be given such that through every 
point of some region R of three-space there passes one and only one curve , 
y. Moreover consider a p-parameter family of surfaces 2, such that in 
R every curve y and every surface 2 have precisely one point in common. 
Then the family of curves y determines in R a one-to-one correspondence 
between any two of the surfaces 2. Now, assuming that for each pair of 
surfaces 2 this correspondence is asymptotic, i.e., maps the asymptotic 
lines of the one surface onto those of the other; we ask for the maximal 
value of p and furthermote we want to determine those congruences of 
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curves y which admit p-parameter families of surfaces 2 with maximal 

value of p. We suppose that none of the surfaces = contains only one one- 

parameter family of asymptotic lines, i.e., is developable without being 

a plane (planes will be looked upon as developable surfaces). 

2. Evidently the three-parameter family of planes in three-space is a 
p-parameter family of surfaces 2 for any congruence of curves y. Conse- 
quently the maximal value of / is at least three. However, it is easy to 
see that » can have at least the value four. For that purpose let us con- 
sider the congruence of straight lines y through a fixed point O. There 
exists a four-parameter family G of projectivities (containing a three- 
parameter subfamily of singular projectivities), each of whose members 
maps any of the lines + into itself (provided for the singular members of 
G we disregard the point O of y). Hence, if Zo is an arbitrary non-develop- 
able surface not containing O, then the four-parameter family of surfaces 
z, obtained by subjecting 2» to all projectivities of G, possesses the desired 
property with respect to the congruence of lines y through O. Apparently 
the four-parameter family of surfaces 2 is not uniquely determined by the 
congruence of lines y but depends on one arbitrary function of two variables. 
The congruence of lines y depends on three arbitrary constants. Ap- 
parently all nonplanar surfaces = of the same four-parameter family are 
projectively equivalent. 

3. As a first step in the solution of the problem it can be proved that 
the maximal value of p cannot exceed four. Moreover, it turns out that, 
if a congruence of curves y admits a four-parameter family of surfaces =, 
the curves y have to be straight lines. In this case the developable sur- 
faces of the congruence intersect every surface 2 in a conjugate net. 

In view of this result it is convenient to consider the following types of 
congruences of straight lines y: 

I. The congruence is not parabolic and at least one of its focal surfaces 

is not a curve. 

' II. The congruence is parabolic and its focal surface is not a curve. 
III. The congruence is not parabolic and both focal surfaces are curves. 
IV. The congruence is parabolic and its focal surface is a curve. 

V. The congruence consists of all straight lines through a fixed point. 

Case:V was already taken care of in §2. 

4. Before stating the results for a congruence of type I we recall that 
a conjugate net on a surface is said to be an R-net, if and only if the two 
congruences constituted by the tangents of the curves of each of both one- 
parameter families of this net are W-congruences, i.e., congruences of 
which the asymptotic lines of the one. focal surface correspond to those of 
the other. It is well known that an R-net is isothermally conjugate. 

It can be proved that a congruence of type I admits a four-parameter 
family of surfaces 2 if and only if its developable surfaces intersect one of 
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the focal surfaces (and therefore also the other) in an R-net. Such a 
congruence dépends on six arbitrary functions of one variable. 

In this case the family of surfaces = is uniquely determined by the 
congruence. Their asymptotic lines not only correspond to each other 
but also to those of the focal surfaces. The developable surfaces of the 
congruence not only intersect each of the focal surfaces but also each of 
the surfaces = in an R-net. 

5. A congruence of type II adult a four-parameter family of surfaces 
> if and only if its focal surface has a projective line-element which can 
be written in the form 


du’ + ydv* 
2dudv 


such that the congruence consists of the tangents to the asymptotic lines 
of the focal surface represented by the equation v = constant, y being 
some function of uw and v. Such a congruence depends on five arbitrary 
functions of one variable. ‘ 
The family of surfaces 2 is uniquely determined by the congruence. 
The asymptotic lines of the surfaces not only correspond to each other 
but also to those of the focal surface. Each surface 2 has a projective 
line-element of the form ; 


du* + yzdv* 
2dudv 


where u and v are the same coordinates as those mentioned before. The 
function yz depends on the choice of 2. 

6. If the congruence is of type III, then it admits a four-parameter 
family of surfaces 2 if and only if its focal curves are two skew straight 
lines. Apparently this congruence depends on eight arbitrary constants. 

The family of surfaces = is not uniquely determined by the congruence 
but depends on two arbitrary functions of one variable, or, more precisely, 
every non-developable surface, on which the two pencils of planes through 
the two focal lines intersect a conjugate net, belongs to one and only one 
four-parameter family of surfaces 2. 

The conjugate net which is the intersection of the two above-mentioned 
pencils of planes with any surface 2 is an R-net. Each of the two families 
which together constitute the net consists of projectively equivalent plane 
curves. 

7. A congruence of type IV admits a four-parameter family of surfaces 
> if and only if it consists of a one-parameter family of pencils of straight 
lines y such that the vertices of these pencils do not coincide and such 
that the plane of every pencil osculates the locus of vertices at the vertex 
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of this pencil. Apparently this congruence depends on two arbitrary func- 
tions of one variable. 

The four-parameter family of surfaces 2 is not uniquely determined by 
the congruence but depends on two arbitrary functions of one variable, 
or more precisely, every non-developable ruled surface, whose generators 
are contained in the planes of the above-mentioned pencils but do not 
belong to these pencils, belongs to one and only one four-parameter family 
of surfaces 2. 

Every surface = is a ruled surface whose generators are contained in the 
planes of the pencils but do not belong to these pencils. 

If we compare this case with the others (particularly with types III and 
V), then it shows a remarkable irregularity with respect to the data re- 
quired for the determination of the congruence: whereas congruences of 
types III and V depend on constants only, a congruence of type IV depends 
on two arbitrary functions of one variable. 

8. The results of §4 can be completed in the following way. If, for 
some non-parabolic W-congruence of which at least one focal surface 
is not a curve, there exists a non-developable surface S, which does not 
coincide with either focal surface and whose asymptotic lines correspond 
to those of the focal surfaces, then the developable surfaces of that con- 
gruence intersect each of the focal surfaces in an R-net. Hence, according 
to §4, the existence of one surface S implies the existence of a four-param- 
eter family of surfaces S. These surfaces S, together with the three- 
parameter family of planes, constitute the four-parameter family of surfaces 
mentioned in §4. 

A similar result can be added to §5. If, for some parabolic W-con- 
gruence whose focal surface is not a curve, there exists a non-developable 
surface S which does not coincide with the focal surface and whose asymp- 
totic lines correspond to those of the focal surface, then the line-element of 
the focal surface of that ¢ongruence has the form mentioned in §5. Conse- 
quently, the existence of one surface S implies the existence of a four-par- 
ameter family of surfaces S. Together with the three-parameter family 
of planes these surfaces S constitute the four-parameter family of surfaces 
> mentioned in §5. 


i 
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A SIMPLE SECOND ORDER DI FFERENTIAL EQUATION WITH 
SINGULAR MOTIONS 
By N. LEvINSON 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


Communicated by Hassler Whitney, November 21, 1947 
It has been announced by Cartwright and Littlewood! that the equation 


1) + x = bed cos (M + a) 
for large k and certain values of b has singular motions. (These are dis- 
continuous recurrent in the sense of Birkhoff.) A sketch of their method is 
given but the detailed account has not yet appeared. 

Here we shall give an example of an equation with singular motions for 
which the proof is decidedly ops The equation is 


Py) +y = csin t, 


where P(y) is a polynomial and c is a constant. 
The device we use is to consider first the equation 


0) + «x = bsint, (1) 
where « > 0 is a small constant and b, 0 < b < 1, is a constant, and 
where ¢(x) = 1, |x| > 1, and ¢(x) = —1, |x| <1. We introduce 


p= [1 — (1 — =e ++... 


For |x| > 1 and for |x| <1 the equation (1) is linear with constant co- 
efficients and can of course be solved explicitly. We consider any con- 
tinuous family of solutions starting with ¢ = x + 7 and satisfying 


dt b 


where k is a small constant and E is any constant satisfying |E| s eV, 
As ¢ increases these solutions all rise above x = 2.9 and then gradually de- 
crease. They pass downward across x = 1 over a range in ¢ which we can 
regard as a map of the original interval. This map includes the two inter- 
= + 7 andt = + 1) + 7 where |r S 2kp and n is 
a large integer. Moreover % satisfies a relationship similar to the original 
with E now satisfying |E| < 1/2e~'*. Each interval |r — p/b| S kp con- 
tained in each of the two intervals on x = 1 then maps out two others on 
x = —1, etc. 


° 
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That is, if we denote the distance between the original r interval and its 
two images on x = 1, which are close to (2n — 1) and (2m + 1)z, by the 
erroneous designation ‘‘semi-periods’’ choosing at each step either (2n — 
1)x or (2n + 1)z, then there is a motion starting in the original 7 interval 
that has these prescribed ‘‘semi-periods.’’ This is the device used by Cart- 
wright and Littlewood but because (1) can be solved explicitly the result 
here is easy to demonstrate. ) 

The objection to our procedure so far is that ¢ is discontinuous rather 
than analytic. Consider the system 

where ®(x) = *¢(x)dx. Then eliminating x2 we see that x; is x of (1). 

It is easy to show that for the family of solutions of (1) under consider- 
ation, |x| <5. Let P(x) be a polynomial such that for |x| < 6, |P(x) — 
@(x)| < where nis small. This is possible since 6(x) is continuous. Con- 
sider the system 


d 
If y = 4»; then 
POG +e = bsint. (4) 


The first equation of (3) can be written as 


where |s| < 7. Since ® satisfies a Lipschitz condition with constant 1 we 
have if + = +17), = 1, 2, that 


By taking 7 small enough we can make |; — x,| and |yz —.e| as small as 
we want. Thus | y- x| and | (dy/dt) - (dx/dt)| can be made arbi- 
trarily small for r + 7 S ¢t S 2(m+ 2)x. This implies that the original 
7 interval undergoes the same kind of mapping for (4) asfor (1). Thus ther 
interval on y = —1 has an image on y = 1 which includes two r intervals. 
The result just demonstrated can then be applied to each of these two, etc. 

Thus we have motions for y with a preassigned infinite sequence of ‘‘semi- 
periods” (2n — 1)ror(2m+1)x. There are in fact motions originating in 
the 7 interval with preassigned past and future ‘‘semi-periods.”’ 

The existence of motions determined by arbitrary sequences of numbers 
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has been demonstrated in classical mechanics for systems with two degrees 
of freedom by G. D. Birkhoff.? 

If we consider the transformation T of the (y, #) plane into itself effected 
by the motions of (4) after an elapse of ¢ equal to 27, then there is a fixed 
point, Po, under T representing an unstable periodic motion of period 27 
(corresponding tox = bcostin the x case). There is an invariant ‘‘curve’’ 
C which is really a closed connected set of zero area separating P, from the 
remote part of the (y, 7) plane. All points, except Po, tend to C under T. 
(The existence of C follows easily from the fact that area away from Py in 
the (y, ¥) plane eventually decreases as ¢ increases.) C must be compli- 
cated because the rotation numbers of its accessible exterior and interior 
points clearly cannot determine the multiplicity of rotation numbers of 
those singular motions which have rotation numbers. 


1 Cartwright, M. L., and Littlewood, J. E., On Non-Linear Differential Equations of 
the Second Order: 1. The Equation y — k(1 — 2) y+ y = bak cos (M+ a), k Large. 
J. London Math. Soc., 20, 180-189 (1945). 

2 Birkhoff, G. D., Sur Le Probleme Restreint Des Trois Corps, II° Memoire, Ann. R. 
Scuola Normale Superiore di Pisa, Ser I1, 5, 9-50 (1936). 


THE NUMBER OF ZEROS OF A POLYNOMIAL IN A CIRCLE 
By Morris MARDEN 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN IN MILWAUKEE 
Communicated by J. L. Walsh, November 26, 1947 


In this note two new theorems will be stated concerning the number p 
of zeros of a real or complex polynomial in a circle C, which for convenience’ 
sake will be assumed to be the circle |z| = 1. The first theorem, as will be 
indicated below, leads to a proof of the well-known Schur-Cohn criterion for 
p, a proof without the customary use of Hermitian forms. 

THeoreM I. Let f(z) = a,2" and f*(z) = G2"—*, where de- 
notes the conjugate imaginary of a,. Let the sequence of polynomials'f,;(z) = 
Dino”? a," z* be defined by recursion formula 


ag? f,(2) f;*(2), Jj = 0,1,....#—1 


with fo(s) = f(z). If 8; =f,(0) A Oforj = 1, 2, ..., n, then f(z) has no zeros 
on C and p zeros in C, p being the number of negative products P; = 5,52 ... 5, 
1,2)... 

The proof of Theorem I is based upon the 

Lemma. If f;(z) has p; zeros in C and none on C, the fj+1(z) has 


= 
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= (*/2){n — — — — 2pylsg dy41} (1) 


zeros in C and none on C. 

In this lemma, sg x denotes the sign of the real number x. 

The lemma may be proved by using Rouché’s Theorem or by sahil 
two lemmas due to Cohn.' 

Iteration of formula (1) produces the equation 


= (1/2)[(m — j + 1) — (m — p)sg Py + Tes "sg(P;/P,)). (2) 
From this it follows that, since the degree of f,(z) is zero, 
= pa = (/2)[1 — (m — 2p)sgPn + sg(Pr/P,)]. (3) 


The proof of Theorem I is completed by solving equation (3) for p. 

Under the hypotheses of Theorem I, no f;(z), 7 < m, may be identically 
zero. An extension to cover the contrary case is expressed in 

THEOREM II. Jf for some k < n fx+i1(z) = 0 but P, ¥ O, then f(z) has 
n — k zeros on C and p zeros inside C, p being the number of negative P,,j < k. 

The hypothesis f,+:(z) = 0 implies that f(z) and f*(z) have an (m — k)- 
degree common factor A(z) which has all its zeros on C. Theorem II is 
proved essentially by applying Theorem I to the polynomial g(z) = f(z)/ 
h(z). 

Theorem I will now be applied to proving the Schur-Cohn criterion! 
which may be stated as follows. 


THEOREM III. Let A, denote the determinant of order 2k 


ay ao 0 0 an sos 

an, 0 0 ay 


If A, # Ofork = 1,2; ...,n, then f(z) has no zeros on C and p zeros inside C, 
p being the number of variations of sign in the sequence 1, Ai, As, ..., An. 

If A,‘? denotes the corresponding determinant for the coefficients a,‘ 
the reduction formula 


j) 


AyD = Ay 


may be established and, when applied to te leads to the equation 


q 
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This means that sg(A;,A;+1) = sgPx+1 and thus completes the proof of 
Theorem III. 

Further details concerning the proofs and implications of the theorems 
will be published elsewhere: 


1 Cohn, A., Math. Zeitschr., 14, 110-148 (1922). 


INFINITE DIMENSIONAL DIFFERENTIAL METRICS WITH 
CONSTANT CURVATURE 


By ARISTOTLE D. MICHAL 
DEPARTMENT OF MATHEMATICS, CALIFORNIA INSTITUTE OF TECHNOLOGY 
Communicated by T. Y. Thomas, September 29, 1947 


1. Introduction—Some general theorems on infinite dimensional 
differential metrics with constant curvature were given by the author! 
some time ago. In this paper we shall give some more recent special 
results including a few on infinite dimensional and/or dimensionless 
Hermitian differential metrics.2 The author’s'* more general results for 
a theory of infinite dimensional hypersurfaces of revolution will not be 
given here. These studies include a theory of the generalized second 
fundamental form of hypersurfaces, and the abstract Gauss and Mainardi- 
Codazzi equations. These are the equations that relate a hypersurface 
to its enveloping infinitely dimensional (# + 1) space. 

2. Hyperspheres of Composite Abstract Euclidean Spaces——Let E be an 
abstract (real) Euclidean space* with Banach norm || y || and inde- 
pendently postulated positive definite real inner product [y, z]. The 
“Hilbert space relation” || y || = [y, y]'/? does not necessarily hold. By 
a composite abstract Euclidean space Eg we shall mean the abstract 
Euclidean space of all points (yo, y) with yo real and y in E such that the 
norm is defined by 


(or by any other equivalent Banach norm) while the inner product is taken 
as 
yo% + [y, 2]. (2) 
The differential metric of Ee will be 
ds? = (dy)? + [dy, dy] (3) 


while the equation. of the hypersphere in Eo with radius R and center at 
(0, 0) will be taken as 
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yo? + Ly, y] = (4) 
It can be shown that as the parameter x ranges over E the equations 
1 /2 x 


define a parametric representation of the hypersphere (4) in Eg if K = 1/R®, 
u = 1+ (K/4)p? and p? = [x, x]. In fact (5) is a generalization of stereo- 
graphic projection of classical geometry. 

The differential metric of the hypersphere (4) of Ee can with the aid of 
(5) be shown to be 


[dx, dx] 
{1 + (K/4)[x, x]}? 


Hence from the author’s general theory, we see that the hypersphere (4) 
in Eg is a Michal-Riemann space‘ of constant curvature K = 1/R’. 

Another differential metric of the hypersphere (4) of Eg can be obtained 
by a generalized orthogonal projection of the hypersphere (4) of Ec on the 
“equatorial plane” yo = 0. For points not on the ‘equatorial plane,’’ 
i.e., for points y in E such that 1 — K[y, y] + 0, the result is 


ds 


(6) 


ds? = [dy, g(y, dy)], (7) 
where 


Both (6) and (7) are positive definite differential forms.’ 
3. Spaces of Positive, Negative and Zero Curvature.“—Now let us start 
ab initio with the positive definite differential metric 


ds? = [dy, g(y, dy)], (9) 
where 
= E+ (10) 


and k can be positive, negative or zero. If k > 0, it is understood in 
(10) that y of E does not satisfy 1 — k[y, y] = 0. It can be shown by a 
direct calculation and some well-known or easily proved theorems on 
Fréchet differentials that the abstract® Christoffel symbol of the second kind 
exists and is given by 


&, &) = &)Iy- (11) 
From this it can be shown by a long but straightforward calculation that 


| é 
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the metric function g(y, &) of the differential metric (9) satisfies the following 
abstract differential equation of the second order in the Fréchet differentials 
of g(y, dy) 


R(y, diy, dey, dsy) = k([diy, g(y, dey) ]g(y, day) — 
[diy, g(y, dsy)]g(y, dey)) (12) 


for all yin E such that 1 — k[y, y] ¥ Oand forall dyin E. In (12) the func- 
tion R(y, dyy, dzy, dsy) is the abstract> ‘“‘Riemann-Christoffel’’ form based 
on the g(y, dy) of the differential metric (9). It follows from (12) that 
the differential metric (9) is of constant curvature k irrespective of whether k 
1s positive, negative or zero. 

4. Geodesics® in Abstract Spaces of Constant Curvature k = 0.—The 
second order abstract “‘ordinary’’ differential equation, 


d 


+ ky(s) = 0 (s are length), (13) 


is the differential equation of the geodesics based on the differential metric 
(9) of constant curvature k. This is s clear from (11). Let the initial condi- 
tions for (13) be 


(0) = A and (14) 
ds s=0 

where A is any element of the abstract space E and B is any element of E 

such that [B, g(A, B)] = 1. ~By a simple variant of an existence and 

uniqueness theorem of Hyers and Michal,® the following unique finite 

equations of the geodesics that a the initial conditions (14) are 

obtained. 


y(s) = cos (of + sin (+/ks)B. (15) 

y(s) = cosh + sinh (\/—#s)B. (16) 


y(s) = sB + A. (17) 


A number of results now follow readily as in the classical finite dimen- 
sional cases. For example—to mention a few—geodesics are closed curves 
with length 27/+/k for the.case k > 0. Hence 2rR is the length of geo- 


= 
‘ 
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desics on a hypersphere (4) in Ee. The “straight line’ distance d in the 
enveloping Ec of two points of the hypersphere (4) in Ee at a geodesic 
distance s apart is given by 


‘Ss 
d = 2R sin (—). 
sin (=) 


5. Infinite Dimensional Hermitian Differential Metrics —In 1935 and 
again in 1938 the author? had observed that some portions of the theory 
of finite’ dimensional Hermitian differential metrics*—and those of constant 
curvature’ in particular—could be generalized to an infinite dimensional 
theory or to a dimensionless theory. Recently Hua," Siegel!’ and others 
have studied finite dimensional hyperbolic Hermitian differential metrics 
in matrices. Bochner! has conjectured recently that the metrics of Hua 
and Siegel could be differentially and isometrically imbedded in a fixed 
elliptic Hermitian differential metric with a countable infinity of dimen- 
sions while a construction of Bergmann*® can be interpreted as a differential 
and isometric imbedding into a generalized Fubini metric with a countable 
infinity of dimensions. Bochner's'* infinite dimensional differential metrics 
are special cases of those known to the author. We intend to say a good deal 
about this and other related subjects in another paper. 

We wish to point out here that if E is a complex abstract Euclidean space* 
with [x, y], the independently postulated Hermitian metric, then the 
following differential metric is Hermitian and has constant real curvature k: 


ds* = [dz, g(z, dz)], (18) 


where 


2 


k 
g(z, 2 (ug 2 u=1+ [z, z]. (19) 


If [x, y] is positive definite and k > 0, then the ds? in (18) is positive defi- 
nite. Bochner’s generalized Fubini metric is an instance of such an abstract 
metric. The study of various types of subspaces of matrices of (18) would 
be imteresting—especially if E does not have a finite basis. 


1 Michal, A. D., Bull. Am. Math. Soc., 45, 529-563 (1939), especially pp. 556-559. 

2 Michal, A. D., these PROCEEDINGS, 21, 526-529 (1935); Bull. Am. Math. Soc. 
45, 529-563 (1939). 

3 Michal, A. D., Highberg, I., and Taylor, A. E., Annali di Pisa, 6, 117-148 (1937). 

4 Michal, A. D., Bull. Am. Math. Soc., 45, 529-563 (1939), especially Theorem 27.1. 

5 See, for example, A. D. Michal, [bid., 45, 529-563 (1939), especially pp. 552-555. 
See also A. D. Michal, these PRocEEDINGS, 21, 526-529 (1935). 

6 Michal, A. D., and Hyers, D. H., Annali di Pisa, '7, 157-176 (1938), especially 
Theorem 1.1. 

7 For references to the work of Poincaré, Picard, Fubini, Study, Cartan and others, 
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see, for example, Georges Giraud, Lecons sur les Fonctions Automorphes (1920), and 
Elie Cartan, La Géometrie Projective Complexe (1931). 

8 See, for example, D. J. Struik’s bibliographical report, Theory of Linear Connections 
(1934), where references are given to the work of Schouten, Van Dantzig,-Veblen, Cartan 
and Kahler. See also the very interesting recent work of S. Chern, Annals of Math., 
47, 85-121 (1946). 

® Schouten, J. A., and Van Dantzig, D., Akad. Wetensch. Amsterdam Proc., 34, 1293- 
1304 (1931). 

10 See, for example, L. K. Hua, Am. J. Math., 66, 470-488, 531-563 (1944), and 
Annals of Math., 47, 167-191 (1946). 

11 See, for example, C. L. Siegel, Am. J. Math., 65, 1-86 (1943) and a few subsequent 
papers in the Annals of Math. See also C. L. Siegel, Annals of Math., 43, 613-616 
(1942). 

12 Bochner, Salomon, Bull. Am. Math. Soc., 53, 179-195 (1947), especially p. 193. 

18 Bergmann, S., J. Reine Angew. Math., 169, 1-42 (1933). 

M4 Michal, A. D., Infinite Dimensional Hypersurfaces of Revolution (to be published). 
We thus have numerous examples of infinite dimensional Riemannian spaces with 
variable curvature and with a non-trivial group of motions. 

16 A metric for the corresponding abstract elliptic case is given by ds? = |dz, g(z, dz)], 
where 


(1+ Kile, — Kis, Ele 
(1 + K[s, 21)? 


There is a similar differential metric for an abstract hyperbolic metric differentially 
imbedded in an (© + 1)-dimension “special relativity” metric. 

16 For the definitions and formulas of the classical finite dimensional Riemannian 
spaces see L. P. Eisenhart, Riemannian Geometry (1926); T. Y. Thomas, Differential 
Invariants of Generalized Spaces (1934); Hermann Weyl, Commentary on Riemann’s 
Uber die Hypothesen, welche der Geometrie su Grunde Liegen (1923); A. D. Michal, 
Matrix and Tensor Calculus with Applications to Mechanics, Elasticity and Aeronautics 
(1947). 
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